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Abstract. Let M be a symplectic manifold, equipped with a 
Hamiltonian action of a torus T. We give an explicit formula for 
the rational cohomology ring of the symplectic quotient M//T in 
terms of the cohomology ring of M and fixed point data. Under 
some restrictions, our formulas apply to integral cohomology. In 
certain cases these methods enable us to show that the cohomology 
of the reduced space is torsion-free. 



1. Introduction 

Let a torus T act on a compact symplectic manifold (M, to) with a 
moment map <fi : M — > t* = Lie(T)*. Assume that is a regular 
value of (ft, and let M red := </>~ 1 (0)/T denote the reduced space. The 
inclusion i : _1 (O) — > M induces a map in equivariant cohomology, 
which, when composed with the natural identification ff^(0 _1 (O)) ~ 
H*(M red ), yields a map k : H^(M) — > H*(M red ), called the Kirwan 
map. According to a theorem of Kirwan, this map is a surjection. The 
purpose of this paper is to answer the natural question: What is the 
kernel of k7 

This question was answered explicitly by Kirwan in a number of 



examples ||K1|| . In |W| Witten formulated the idea of nonabelian local- 
ization: this term refers to a procedure which computes the evaluation 
on the fundamental class of a symplectic quotient j M d n(a) (for any 
equivariant cohomology class a) in terms of data on the original mani- 
fold M. For Witten the data on M consisted of the critical sets of the 
function ||0|| 2 (the norm squared of the moment map). Motivated by 
Witten's work, Jeffrey and Kirwan [JK] gave a proof of Witten's results 
using the geometry of the image of the moment map, and also found 
an alternative version of nonabelian localization (the residue formula, 
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Section 8 of [JK]) which computes f M d k(o) in terms of fixed point 
data on M (in other words the components of the fixed point set of the 
maximal torus, the characteristic classes of their normal bundles, the 
weights of the action of the maximal torus on the normal bundles, and 
the values of the moment map on the components of the fixed point 
set). Since, by Poincare duality, (3 G H^(M;Q) is in the kernel of n 
exactly if the integral of n(af3) over M re( j is zero for all a G if^(M, Q), 
the kernel of k can, in principle, be computed from their results, in the 
case of rational cohomology. However, we do not know of any direct 
method of relating their formulas to ours. See also ||GK] , |Fj, [Vj . 

In this paper we give a description of the kernel of k in terms of 
fixed point data. For according to a theorem of F. Kirwan, the natural 
restriction map from the equivariant cohomology of M to the equi- 
variant cohomology of the fixed point set is an injection. We compute 
the kernel of k in terms of the image of this map. This image is well 
understood in many examples. Moreover, it is determined by the sub- 
set of one and zero dimensional orbits (see [UKM, l'W| and references 



therein). Our methods also give a basis for the kernel of k, and, under 
some restrictions, allow us to compute the integral cohomology rings of 
symplectic quotients. 

Our main result is the following. 

Theorem 2. Let a torus T act on a compact symplectic manifold 
M with a moment map : M — > t*. Assume that is a regular value 
of (p. Let F denote the set of fixed points. For all £ G t, define 

Mf.= {meM \ (0(m),£) < 0}, 

AT S := {a G H*(M; Q) | a\ FnM( = }, and 

Set 

Then there is a short exact sequence: 

— > K — > H* T (M; Q) H*(M rcd ; Q) — > 0, 

where k : H^(M; Q) — > H*(M md ; Q) is the Kirwan map. 

The main ingredient in the proof of this theorem is an application of 
Morse theory (as extended by Bott and Kirwan) to functions associated 
to the moment map cf). Specifically, we study the functions given by 
the components 0^ of the moment map, and by its square ||0|| 2 . The 
Morse theory of these functions has remarkable properties, as shown by 
Frankel (0) and by Atiyah and Bott [|AB1| , |AB2|] . These properties 



can be summarized by the statement that as Morse functions, these 
functions are self-completing, and equivariantly, they are locally self- 
completing. More technically, we choose some critical value c of the 
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relevant function /, and suppose that the interval [c — e, c + e] contains 
no critical values of / other than c. Write M± = / _1 (— oo, c±e). Then 
the long exact sequence of the pair (M + ,M_) breaks up into short 
exact sequences 

— ► H*(M + , Af_) — ► H*(M + ) — ► H*(M_) — ► 0, 
where the H*(-) denotes either ordinary or equivariant rational coho- 
mology. 

When applied to the function f = ft for some £ in the Lie algebra 
ot T, this sequence can be used to study the equivariant cohomology of 
T. For example, Kirwan used this approach to prove that / is a perfect 
and equivariantly perfect Morse function, and that the cohomology of 
M is equivariantly formal. More importantly for our purposes, Kirwan 
also showed that the restriction of the equivariant cohomology of M to 
the equivariant cohomology of the fixed point set in an injection. This 
technique is used in a companion paper to analyze the image of this 
map jTWll . 



In order to study the symplectic quotient M red , we consider instead 
the Morse theory associated to the function / = ||0|| 2 . This is conve- 
nient because the minimum of this function is precisely 0" 1 (O), whose 
equivariant cohomology coincides with the (ordinary) cohomology of 
M re d. In the context of gauge theory such Morse functions were studied 
by Atiyah and Bott ||AB2|| ; in the context of finite-dimensional mani- 
folds they were studied by Kirwan |K[]. This variant of Morse theory is 
the key ingredient in the proof of the surjectivity theorem cited above. 
As it turns out it is also the key element in our proof of Theorem 2. 

The remainder of this paper is structured as follows. In Section 2, 
we study the key local lemma, due to Atiyah and Bott, which implies 
the equivariant perfection of the various Morse functions which we will 
study. We then proceed, in Section 3, to give a simple proof of a 
version (Theorem 1) of our main theorem which applies to the case 
where the torus T is one-dimensional. This serves to illustrate the 
basic ideas of our proof in a simple setting, where we may use Morse- 
Bott theory rather than its elaboration to the case of degenerate Morse 
functions. We then bite the bullet in Section 4, introducing the ideas of 
Morse-Kirwan theory that will be required in Section 5, where the main 
theorem (Theorem 2) is proved; we include a version for noncompact 
manifolds as Theorem 3. 

The last three sections are devoted to extensions of the basic ideas 
of the paper. In Section 6, we state and prove versions of our results 
which hold for cohomology with integer coefficients. In Section 7 we 
use methods similar to those used in the proof of the main theorem 
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to give a condition for the cohomology rings of symplectic quotients to 
be torsion-free. Finally in Section 8 we show how our method can be 
used to compute the cohomology rings of compact smooth projective 
toric varieties (which are all given as symplectic quotients by tori of 
Euclidean spaces). 

Acknowledgement: We would like to thank Victor Guillemin, who 
encouraged us to consider the consequences for symplectic geometry of 
the work of Goresky, Kottwitz and MacPherson ||GKM|| . The present 



paper and its companion | |TW| | would not have been possible without 
his prescient advice. One of us (J.W.) would also like to thank Prof. 
Guillemin and the MIT Mathematics Department for the opportunity 
to spend the Spring semester of 1996 at MIT. 

2. The key lemma 

The first step in the proof of our main theorem is a local lemma. 
This lemma, due to Atiyah and Bott, is the key fact behind many of 
the results we describe. 

Lemma 2.1. (Atiyah-Bott) Let a compact Lie group G act on a 
manifold X and an oriented real vector bundle E over X . Assume 
that a circle subgroup S 1 C G acts on E so that the fixed point set is 
precisely X . Choose an invariant metric on E, and let D and S denote 
the unit disk and sphere bundle, respectively. Then the natural long 
exact sequence in relative equivariant cohomology splits into a short 
exact sequence: 

— > H* G (D, S; Q) — H*(D; Q) — H* (S; Q) — 0. 

Since D is homotopic to X, we have an identification of Hq(D; Q) 
and Hq(X; Q). Moreover, the Thorn isomorphism identifies H^f x (X; Q) 
and Hq(D, S; Q). Under these identifications, the natural map Hq(D, S; 
Hq(D; Q) in the long exact sequence in relative cohomology is identified 
with the map from H^ X (X;Q) to Hq(X;Q) given by multiplication 
by the equivariant Euler class of E, where A is the dimension of E. An 
alternate formulation of this lemma is that this Euler class is not a zero 
divisor. 

Notice that the corresponding sequence in ordinary cohomology is 
never exact for any vector bundle of positive rank for dimensional rea- 
sons. 

3. The simplest case: S 1 actions 



In this section we prove our theorem in a special case. Specifically, 
we compute the rational cohomology ring of the reduction of a compact 
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symplectic manifold by a circle. The essential features of our argument 
are already clear in this case. 

Lemma 3.1. Let the circle S 1 act on a compact symplectic manifold 
M with a moment map <p : M — ► R. Let a function f : M — > R be 
defined in any of the three following ways: let f := <p 2 , let f := <p, or 
let f :=-0. 

Let C be a critical set of index A for f , and assume that C is the 
only critical set in f~ 1 {f{C) — e, f(C) + e) for e > 0. Define M + : = 
f~ 1 (—oo,f(C) + e), and M~ := f~ x {— oo, f(C) — e). Then there exists 
a short exact sequence in equivariant cohomology 

—> H£ X (C;Q) ^H* S1 (M + ;Q) — ► iZ^Af"; Q) — > 0. 

Moreover, the composition of the injection H^7 X (C) — > H* S1 (M + ) with 
the restriction map H* sl (M + ) — > H% 1 (C) is the cup product with the 
Euler class of the negative normal bundle of C . 

In other words, every equivariant cohomology class on M~ extends 
to M + . The restriction to C of cohomology classes on M + which vanish 
on M~ is injective and its image is the set of multiples of the Euler 
class of the negative normal bundle of C. 

Proof. Except in the case where f = <fi 2 and C = 0~ 1 (O), the func- 
tion / is Morse-Bott at every connected component C of the critical 
set, the set C is a component of the fixed point set, and the negative 
normal bundle to C is oriented. By Morse-Bott theory and the Thorn 
isomorphism, there is a long exact sequence 

► H* S 7 X (C; Q) — > H* S1 (M + ; Q) — ► H* sl (M~] Q) — > H^iC; Q) 

Moreover, the composition of the map H*^ X (C;Q) — > H* 1 (M + ;Q) 
with the restriction map from Hg 1 (M + ; Q) — > H^iC] Q) is precisely 
multiplication by the Euler class of the negative normal bundle. Since 
the circle fixes C but otherwise acts freely on the negative normal bun- 
dle, the Euler class is not a zero divisor by Lemma |2.1| . Therefore, this 
composition is injective. Thus the map H*i x (C;Q) — > H* 1 (M + ;Q) 
is also injective. 

In contrast, the function 2 is not Morse-Bott at the critical set 
C := _1 (O). Nevertheless, because C is the minimum of 2 , the spaces 
M + and C are homotopic, and M~ is empty. So the lemma follows 
immediately. □ 



Lemma 



leads immediately to the following theorems of Kirwan. 
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Theorem 3.2. (Kirwan) Let S 1 act on a compact symplectic manifold 
M with a moment map and let F denote the fixed point set. The natural 
restriction H* S1 (M\ Q) — > H^^F; Q) is injective. 



This is a corollary of Lemma |3.1| when we take the moment map as 
our Morse function. It is proved by induction on the proposition that 
the natural restriction oo, a); Q) — > H^^F PI </> _1 (-oo, a); (Q 

is an injection for a regular value a with n critical values below it. 

Theorem 3.3. (Kirwan) Let S 1 act on a compact symplectic mani- 
fold M with a moment map <p : M — > R. The Kirwan map k : 
#31 (M; Q) — ► H*(M Ted ; Q) is surjective. 



This is also a corollary of Lemma [TT] by an argument analogous to 
Theorem 13.21 when we take the function <b 2 as our Morse function and 



note that is its minimum value. 

We can now state and prove our main theorem for this special case. 

Theorem 1. Let S 1 act on a compact symplectic manifold M with 
moment map <fr '■ M — ► R. Assume that is a regular value of </>. 
Let F denote the set of fixed points; write M_ := oo,0), and 

M + := 0-^0, oo). Define 

K± := {a E H* S1 (M; Q) | a| FnM± = 0}, and 

K:=K + ®K_. 
Then there is a short exact sequence: 

— > K — > H* s i (M; Q) F*(M red ; Q) — > 0, 
w/iere k : H*(M; Q) — ► H*(M red ; Q) zs i/ie Kirwan map. 

Remark 3.4. More generally, let a circle act on a manifold M. A 
formal moment map is a Morse-Bott function $ : M — > R such 
that the critical points of $ correspond exactly to the fixed points. (See 
Ginzburg-Guillemin-Karshon ||GGK|| .) Then, as long as M is compact 



and is a regular value of $, the theorem above is also true for any 
formal moment map; this follows easily from a quick examination of 
the proof. 

Remark 3.5. Let i± : M± — > M denote the natural inclusions. By 
Theorem 372, K± = ker In this simple proof of our theorem 



can be given by an application of the Mayer- Vietoris sequence to the 
triple (M, M + , M_). The proof given below is one which generalizes to 
actions of higher-rank tori. 
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Proof. The injectivity of the inclusion K — > H% 1 (M;Q) is obvious, 
and the surjectivity of the Kirwan map k : H sl (M; Q) — > H*(M Ted ; Q) 



is Theorem 3.3 



First, we show that K C ker(ft). By definition, for every a G K + , 
a \FnM+ = 0. As in the proof of Theorem pT2| , applying Lemma [D] to 



the function and using induction, we see that a|0-i(_oo,e) = for small 
e > 0. In particular a|^-i( ) = 0. Therefore, K + C ker(/t). A similar 
argument using the function — shows that K_ C ker(ft). Therefore, 
K = K + ®K_ Cker(K). 

It remains to show that ker(K) C K. Order the set of connected 
components of the fixed point set {F{\f =l of M so that if i < j then 
<t>i F i) 2 < <f>( F j) 2 - We wish to show that if « G H* S1 (M;Q) satisfies 
^l^-ifo) = 0) then a is in K. By Theorem [4.2| it suffices to find a' G K 
such that = ot'\p i for all i. By induction, it suffices to prove that 
given p > and any a G H* S1 (M; Q) which vanishes on _1 (O) and on 
Fj for all i < p, there exits a' & K such that a' 1^-1(0) = a 1^-1(0) and 
a'\Fi = for all i < p. 

Assume that we are given such an a. Applying Lemma [3.1| to the 
function 2 , we see that a\p is a multiple of the Euler class e of the 
negative normal bundle of F p for the function <p 2 . By symmetry, we 
may assume that <p(F p ) > 0. Then F p is also a critical set for the 
function 0, and the Euler class of the negative normal bundle of F p 
for is also e. Applying induction and Lemma [3.1| to the function 0, 
we see that there exists a 1 G Hg 1 (M;Q) such that a'\F p = ®\f p , and 
such that the restriction of a' to _1 (— oo, f(F p ) — e) is trivial for all 
e > 0. In particular, ck'\f. = for all i such that 4>{Fj) < 0, and thus 
a' G K- C K. Similarly, a'!^ =0 for all i < p. The result follows. □ 



4. Torus actions and Morse-Kirwan theory 

In this section, we review Morse-Kirwan theory and Kirwan's ap- 
plication of it to the cohomology ring of symplectic manifolds with 
Hamiltonian torus actions. The basic idea is that in order to gener- 
alize the earlier result, we do not really require our function to be a 
non-degenerate Morse-Bott function. All we need is that our func- 
tion behave like a Morse function on the level of cohomology, and that 



Lemma |2.1| holds for the normal bundles of the critical sets. Kirwan 
shows that although functions arising from the square of the moment 
map are not non-degenerate, they do satisfy both these properties. 

We have already encountered something of this kind in the first sec- 
tion. Let the circle S 1 act on a compact symplectic manifold M with 



moment map : M — > K. As mentioned in the proof of Lemma pTT 
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the critical set _1 (O) of function <fr 2 is degenerate. However, as is a 
minimum, the second Morse lemma still holds at this critical level, so 
that this kind of degeneracy is inconsequential. 

Kirwan developed an extension of Morse theory which applies to 
functions which have well behaved degeneracies - morally, they look like 
the product of a minimum and a non-degenerate Morse-Bott function. 
In particular, she shows that for a critical set C of such a function 
/ : M — > K there is a long exact sequence 

> H* S -\C; Q) — > H* S1 (M+; Q) — > H* 3 x{M~\ Q) — > H^-^C; < 

and that the composition of the map H*T X (C;Q) — > H* sl (M+;Q) 
with the restriction map from H* sl (M + ; Q) — > H%i{C) Q) is precisely 
multiplication by the Euler class of the negative normal bundle to C . 
Here, M+ := + e), and M~ := f'\f(C) - e). Kirwan then 

showed that this extension of Morse theory applies to the square of the 
moment map for a torus action on a manifold. Finally, she used this 



theory and Lemma 2.1 to argue exactly as in the proof of Lemma 3.1 



and thus prove the following Lemma: 

Lemma 4.1. (Kirwan) Let a torus T act on a symplectic manifold M 
with a proper moment map <p : M — > t* . Choose a fixed inner product 
on the dual of the Lie algebra t* . Let a function be defined f : M — ► R 
in either of the two following ways 

1. Given a e t* , define f : M — > R by f(x) = (<j)(x) — a, <j>{x) — a) . 

2. Given any £ G t, define f := <p. 

Let C be a critical set of index A for f and assume that C is the 
only critical set in /~ 1 (/(C) — e, /(C) + e) for some e > 0. Define 
M+ := f-\-oo,f(C) + e), and M~ := / _1 (-oo, f(C) - e). Then 
there exists a short exact sequence in equivariant cohomology 

— ► H*- X (C; Q) — > H*(M + ; Q) — > H^(M~; Q) — > 0. 

Moreover, the composition of the injection from H^T X (C; Q) — > H^(M; 
with the restriction map from H^(M; Q) — ► H^(C; Q) is t/ie cuj) ^»rorf- 
nci with the equivariant Euler class of the negative normal bundle. 

The following theorems are direct consequences of this Lemma: 

Theorem 4.2. (Kirwan) Let T act on a symplectic manifold M with 
a moment map <fi. Assume that the set of connected components of 
F, the fixed point set, is finite, and that there exists a generic ( 6 t 
such that 0^ is proper and bounded below. Then the natural restriction 
H^(M;Q) — ► Ht(F; Q) is an injection. 
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This follows by applying Lemma |4.1| to the function (jf 1 for a generic 



rj G t close to £, as in Theorem |372 



Note that the restriction map may not be injective if we drop the 
assumption on the image of M; for example, consider the cotangent 
bundle to S 1 . 

Theorem 4.3. (Kirwan) LetT act on a symplectic manifold M with a 
proper moment map, and assume that the set of connected components 
of the fixed point set is finite. If is a regular value of cf), then the 
Kirwan map k : H^(M; Q) — ► H*(M red ; Q) is a surjection. 

This follows by applying Lemma [4.1| to the function ||0|| 2 , as in 
Theorem CO . 



5. The main theorem 

We now apply the ideas in the previous section to the case we are 
interested in: computing the cohomology of reduced spaces. 

Theorem 2. Let a torus T act on a compact symplectic manifold M 
with a moment map <fi : M — > t*. Assume is a regular value of </>. 
Let F denote the set of fixed points. For all £ G t, define 

M e := {m G M | (<f>(m),£) < 0}, 

:= {a G H*(M; Q) | a\ FnM( = }, and 

Set 

Then there is a short exact sequence: 

— > K — > H?p(M; Q) #*(M red ; Q) — > 0, 
w/iere k : H^(M; Q) — >■ H*(M red ; Q) is t/ie Kirwan map. 

Remark 5.1. As before, if we denote by the inclusion map i^ : 
M c — ► M, then = ker i|. 

Proof. The injectivity of the inclusion .K" — > H^(M;Q) is obvious. 
The surjectivity of the Kirwan map k : #£(M; Q) — ► H*(M red ; Q) is 



Theorem [4.3|. It remains to show that = ker(«;) 



First we show that K C ker(/«). Choose £ G t and a G if^. By 



applying Lemma |4.1| to the function / := <p inductively, as in the 
proof of Theorem |Q| , we get oj|m 5 = 0. In particular, a|<^-i(o) = 0. 
Since there are only a finite number of distinct K^s, we are done. 

It remains to show that ker(n) C K. Order the critical sets {Ci]f =1 of 
1 10| | 2 so that % < j exactly if ||0(Ci)|| 2 < ||0(Cj)|| 2 . (We may assume 
for simplicity that no two critical sets assume the same value.) We 



10 



SUSAN TOLMAN AND JONATHAN WEITSMAN 



wish to show that if a G if^(M) satisfies ot|^-i(o) = 0, then a is in K. 



By Theorem [12] it suffices to find a! G K such that a\p = ol'\f- By 
induction, it suffices to prove that given any p > 1 and any a G H^(M) 
which vanishes on Ci for all i < p, there exists a' G K such that 
a'\d = oe\ci f° r ah i < P- Here, we use the fact that every fixed set is 
a critical set, and that the first critical set is C\ = </> -1 (0). 

Assume that we are given such an a. Applying Lemma |4.1| to the 
function ||0|| 2 , we see that ot\c v is a multiple of the Euler class e of the 
negative normal bundle of C p for the function ||0|| 2 . The point x G M 
is critical for \\<p — a\\ 2 exactly if the vector (<j>(x) — a) at is zero, where 
for any b G t*, b^ denotes the vector field on M associated to the one 
parameter subgroup generated by the element in t associated to b by 
the invariant inner product. Therefore, for any A G R + , C p is a critical 
set for the function \\<p + A0(C p )|| 2 . Moreover, the Euler class of the 
negative normal bundle on C p for this new function is still e. 

Since M is compact, for sufficiently large A, + A0(C p )|| 2 < 

||0(C P ) + X(f>(Cp)\\ 2 for all F G T whose inner product with C p is 
negative. Choose such a A and apply Lemma [4.1| to the function / := 
||0 + \4>{C P )\\ 2 . Since a\c p is a multiple of e G H^(C P ), there exists 
a' G H*(M) such that a?\c p = «|c p an d the restriction a\d is trivial for 
all i such that /(Cj) < f(C p ). In particular, a'\p = for all Cj whose 
inner product with <p(C p ) is negative. Hence a' lies in K. Finally, 
for all % < p, ||0(a) + A0(C7 p )|| 2 < \\<f>(C p ) + A0(C7 p )|| 2 , and hence 
a'\ Ci =0. ' □ 

Remark 5.2. (Chern classes) Theorem |2| allows the cohomology 
ring of the reduced space M red to be computed in terms of fixed point 
data on M, namely the cohomology ring of the fixed point set and the 
restriction of each equivariant cohomology class on M to this set. The 
Chern classes of the reduced space M re d can also be computed in terms 
of fixed point data, namely, the restriction of each equivariant Chern 
class to the fixed point set. This is because TM|^-i( ) = 7r*TM red © tj, 
where ti : _1 (O) — ► 0^ 1 (O)/T = M re( j is the projection, and t£ is 
a trivial bundle. Thus, in terms of the Kirwan map k, Cj(M rc d) = 
k(q(M)). On the other hand, by injectivity, Cj(M) is determined by 
its image in H^{F). 

Remark 5.3. (Computability) The description of the kernel of k 
given in Theorem ^ is algorithmically computable in the following 
sense. The cohomology ring H^(M) is a finitely generated module 
over if^(pt). Suppose we are given a finite basis for this module. Then 
by solving a finite set of linear equations, we can produce a finite basis 
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for the submodule for any £. Since only a finite number of ele- 
ments ( 6 t* give rise to distinct submodules Kg, we may produce a 
finite basis for K. 



Theorem 3. Let a torus T act on a symplectic manifold M with a 
moment map <f> : M — > R. Assume is a regular value. Assume that 
the set of connected components of the set of fixed points is finite and 
that there exists r) G t such that <j) v is proper and bounded below. For 
all £ e t, define 

Mf.= {mEM \ (0(m),£) < 0}, 
K 6 := {a e H*(M; Q) | a\ M( = }, and 

Then there is a short exact sequence: 

— ► K — ► H*(M; Q) iT (M red ; Q) — > 0, 
w/iere k : H^(M; Q) — > H*(M red ; Q) is i/ie Kirwan map. 

The argument in the non-compact case is nearly identical to the 
proof in the compact case; except that since <ft^ may not be proper, 
there may exist cohomology classes which vanish on n F but not 
on M c itself. 

6. Extending to the integers 

So far in this paper we have restricted our attention to rational coho- 
mology. In fact, many of the results we have proved have their analogs 
in integral cohomology; but there are a number of subtleties which 
occur. 

In order to use any of the methods of this paper, we must verify that 



an analog of Lemma |P| holds over the integers. It is easy to see that the 



naive generalization of Lemma 2.1 is false. Consider, for example, the 



trivial plane bundle C©C over RP 3 , and let S 1 act on the plane bundle 
by A ■ (y, z) = (\y, \ 2 z). Since S* 1 acts trivially on RP 3 , the equivariant 
cohomology of RP 3 is the tensor product of the cohomology of RP 3 
and the cohomology of BS l = CP°°. The Euler class of this bundle is 
2x 2 , where x denotes the generator of the cohomology of CP 00 . This 
class clearly is a zero divisor, as it annihilates the two dimensional 
cohomology of RP 3 . 

In order to avoid such examples, we have to place some restrictions 
on the action, or else on the cohomology of the fixed point set. The 
local result we obtain is the following. 
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Lemma 6.1. Let a torus T act on an oriented vector bundle E over 
a manifold X , fixing X . Assume that there exists S 1 C T which does 
not fix any point in E \ X. Assume also that, for each prime p, one 
of the following two conditions is satisfied: 

1. The cohomology of X has no p torsion. 

2. For every point m G E \ X, there exists a Z/p C T which acts 
freely on m. 

Choose an invariant metric on E, and let D and S denote the unit 
disk and sphere bundle, respectively. The natural long exact sequence 
in relative equivariant cohomology splits into a short exact sequence: 

— ► H*(D, S; Z) — ► H*(D; Z) — ► H*(S; Z) — ► 0. 

Again, this is equivalent to the statement that the Euler class of E 
is not a zero divisor. To prove this, it suffices to show that each weight 
is not a zero divisor. Therefore, it is enough to note that for any T- 
representation on C, the corresponding weight is not divisible by p if 
there exists a Z/p C T which acts freely on every point except 0. 



Checking the proof of Kirwan's injectivity theorem (Theorem I~2"), 
it is easy to see that it holds over the integers wherever this version of 
the Atiyah-Bott lemma holds for every fixed point. Thus: 

Proposition 6.2. Let a torus T act on a symplectic manifold M with 
a moment map 0. Assume that the set of connected components of F , 
the fixed point set, is finite, and that there exists a generic £ G t such 
that (p^ is proper and bounded below. Suppose in addition that for every 
prime p, one of the following two conditions is satisfied: 

1. The integral cohomology of F has no p -torsion, or: 

2. For every point m G M which is not fixed by the T— action, there 
exists a subgroup ofT congruent to Z/p which acts freely on m. 

Then the natural restriction H^(M; Z) — > H^(F; Z) is an injection. 

In particular, injectivity holds if the fixed point set has no torsion, 
or if the action is quasi-free. 

Integer analogues of Kirwan's surjectivity theorem (Theorem |4.3|) 



and our main result (Theorem 0) also hold under a similar set of re- 
strictions in the case of an S 1 action. Once again, the proof amounts 
to noting that the proofs given earlier go through without change as 
long as the Atiyah-Bott lemma holds for the negative normal bundle 
at each critical point. In this case, each critical point is either fixed, in 
which case we apply Lemma |6.1| above, or the minimum, which works 
automatically. 
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Proposition 6.3. Let S 1 act on a compact symplectic manifold M 
with a moment map <p : M — > R. Assume that for every prime p, one 
of the following two conditions is satisfied: 

1. The integral cohomology of F has no p -torsion, or: 

2. For every point m G M which is not fixed by the T— action, there 
exists a subgroup ofT congruent to Z*/p which acts freely on m. 

Then the Kirwan map n : if|i(M; Z) — ► if*(M re d;Z) is surjective. 
Likewise, 

Proposition 6.4. Let S 1 act on a compact symplectic manifold M 
with moment map : M — > R. Assume that is a regular value. Let 
F denote the set of fixed points. Assume that for every prime p, one 
of the following two conditions is satisfied: 

1. The integral cohomology of F has no p -torsion, or: 

2. For every point m G M which is not fixed by the T— action, there 
exists a subgroup ofT congruent to Z/p which acts freely on m. 

Define 

K + := {a G H* sl {M; Z) | a\ F+ = 0}, where F + := F n _1 (O, oo); 

K_ := {a G H* s i(M;Z) | a\ F _ = 0}, where F_ := Fn0 _1 (-oo, 0); and 

K:=K + @K_. 
Then there is a short exact sequence: 

— y K — ► H* S1 (M; Z) H*(M red ; Z) — ► 0, 

where k : H*(M; Z) — >■ H*(M red ; Z) is the Kirwan map. 

Remark 6.5. In the case where 5* 1 does not act freely on _1 (O), the 
cohomology group if*(M re d,Z) which enters into both these results is 
the orbifold cohomology of M red , not the cohomology of the underlying 
topological space. These are of course identical over R but are, in 
general, different over Z. 

On the other hand, when a higher-rank torus T acts on a manifold, 
Kirwan's surjectivity Theorem [4.3| , and our main result (Theorem 0) 
require a more subtle application of the Atiyah-Bott Lemma, in that 
the critical points of the Morse function <p 2 include spaces more com- 
plicated than the fixed points. In order to generalize our proofs, we 



need a version of Lemma |6J] which holds at all of these critical points. 
There are various conditions under which this can be seen to hold, but 
the statements of these conditions can be cumbersome. We therefore 
restrict our attention to the quasi-free case, where the Euler class of the 
negative normal bundle (at any critical manifold) is not a zero divisor; 
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thus the conditions of Lemma 6.1 are met at every point of the fixed 
set. 

Proposition 6.6. (Kirwan) LetT act quasi-freely on a symplectic man- 
ifold M with a proper moment map, and assume that the set of con- 
nected components of the fixed point set is finite. 

If is a regular value, then the Kirwan map k : /Zj.(M;Z) — ► 
if*(M rcd ;Z) is a surjection. 

Finally we have an integer version of our main result: 

Proposition 6.7. Let a torus T act quasi-freely on a symplectic mani- 
fold M with a moment map <fi : M — > K. Assume is a regular value. 
Assume that the set of connected components of F, the set of fixed 
points, is finite and that there exists ( 6 t such that 0^ is proper and 
bounded below. For all £ G t, define to be the set of a G H*(M; Z) 
such that a vanish when restricted to the set = (<^) _1 (0, oo) . Define 
K := X^et-^Q- Then there is a short exact sequence: 

— >K — ► H*(M; Z) H*(M vcd ; Z) — ► 0, 
where k : H^(M; Z) — ► i7*(M re( j; Z) is the Kirwan map. 



7. Torsion-free reduced spaces 

In a large class of examples, the integer cohomology of the reduced 
spaces is torsion-free. We begin with the case of reduction by an S 1 
action. 

Theorem 4. Let the circle S 1 act on a compact symplectic manifold M 
with a moment map <p. Assume that the integer cohomology H*(F; Z) 
of the fixed point set F is torsion-free, and that S 1 acts freely on <p~ l (0) . 
Then the integer cohomology ring of the reduced space is also torsion- 
free. 

Proof. Note first that because the fixed point set is torsion-free, the 
conditions of Propositions 6.2 and 6.3 are met. Assume that p G Z is a 
prime and a G Hgi(M; Z) is a cohomology class and pa|^-i(o) = 0. We 
must show that a|^-i(o) = 0. Order the set of connected components of 
the fixed point set {Fi}f =1 of M so that if z < j then 0(Fi) 2 < 0(F i ) 2 . 
By Theorem TTi it suffices to find a' G Hg t (M; Z) such that a'\^-im) 



and = ct'l^ for all i. By induction, it suffices to prove that given 
an integer q > and any a G H sl (M; Z) which vanishes on Fi for all 

1 < q and such that pa vanishes on _1 (O), there exists a' G H sl (M; Z) 
such that and a'\p i = a\p i for alH < q and a' vanishes on 0~ 1 (O). 
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Assume that we are given such an a. Applying Lemma [3.1| to the 
function 2 and the class pa, we see that pa\F q is a multiple of the 
Euler class e of the negative normal bundle of F q for the function 2 . 
We now have two cases two consider. 

First, assume that p /e. Then, by Lemma fTTj a\F q is also a multiple 
of e. By symmetry, we may assume that <p(F q ) > 0. Then F q is also 
a critical set for the function 0, and the Euler class of the negative 



normal bundle of F q for is still e. Applying induction and Lemma [3TT 
to the function 0, we see that there exists a' G H sx (M; Q) such that 
a'\F q = ot\F q , and such that the restriction of a' to _1 (— oo, f(F q ) — e) 
is trivial for all e > 0. In particular, = for all i < p. and a' 
vanishes on _1 (O). 

More generally, let A C M be the connected component of the set 
of points which is fixed by Z/(p) which contains F q . Let a be the 
downward Euler class for F q in N using the Morse-Bott function 0, an 
b be the Euler class for the complimentary bundle, so e = ab. Since the 
action on _1 (O) is free, the induction hypothesis assures that . = 
for all i such that (j){Fi) < 4>(F q ) and Ft C N Therefore a\F q = arj, for 
some rj. Since pa\F q = e£ = a&£, we can substitute to get par} = ab^. 
Since a cannot be a zero-divisor, this implies that pt] = &£. As before, 
this implies that £ = p£', etc. □ 



Lemma 7.1. Let a compact torus T act on an oriented real vector 
bundle E over a manifold X . Assume that a circle subgroup S 1 C T 
acts on E so that the fixed point set of S 1 and Z/(p) C S 1 is precisely 
X for p e N. Assume also that H*(X; Z) is torsion-free. Let e be the 
equivariant Euler class of E. Then for any cohomology classes a and 
(3 such that pa = £e ; there exists £' such that p£' = £. 

We start by assuming that A is fixed by T. 

Proof. Identify the torus T with (S 1 ) 71 . Order ra-tuples as follows: first 
by the sum of all coordinates, then by the first coordinate, the sec- 
ond coordinate, etc. Because the action fixes X, the cohomology ring 
H^(X; Z) is simply the polynomial ring in n generators on if*(A;Z). 
Every term of e such that the sum of the coefficients is A is an integer, 
where A is the rank of E. Because the action is p-free outside X, p 
cannot divide all these integers. Let I be the largest n-tuple such that 
p /f£j, and J be the largest n-tuple such that p J(ej. Note that be the 
above discussion ej is an integer. Now consider the coefficients of the 
term X I+J in the expression pa = e£. It is 



I J' 

I'+J'=I+J 
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But if V + J' = I + J, then either 1 = 1' and J = J' or I' > I or 
J' > J. Therefore, ej£j = pj3, for some (3. We can find integers s and 
t so that 1 = sp + tej. Therefore, £j = sp£j + tej£j = + t(3). □ 

Remark 7.2. Note that if S 1 does not act freely on _1 (O), then the 
the cohomology of the reduced space must have torsion. 

By examining the proof of Theorem |], we see what difficulties will 
arise in the case of reduction by the action of a torus of rank r > 1: 
we require surjectivity of the Kirwan map, which, in turn, requires a 
condition on either the stabilizers of points or on the cohomology of 
critical points of the square of the moment map. These are themselves 
reduced spaces, whose cohomology being torsion-free will depend on a 
version of Theorem |] for reduction by tori of rank r — 1. Thus the re- 
duced spaces will be torsion-free under a complicated set of conditions, 
defined inductively. These conditions can easily be verified in examples 
but are not so easy to state in full generality; we content ourselves with 
the following statement. 

Theorem 5. Let a torus T act quasi-freely on a symplectic manifold 
M with moment map 0. Suppose is a regular value of the moment 
map, and that the integer cohomology H*(F; Z) of the fixed point set F 
is torsion-free. Then the cohomology H*(M Te d]%) of the reduced space 
M re d is also torsion-free. 

8. Example: Smooth Toric Varieties 

In this section, to demonstrate our theorem, we show how it provides 
a simple method to obtain the cohomology rings of smooth compact 
projective toric varieties (see e.g. O). These compact symplectic 
manifolds can all be obtained as symplectic quotients of Euclidean 
spaces. 

The moment map ip : — > M N for the natural action of (S' 1 ) Ar 
on is ip(zi, . . . , zn) = i\z\\ 2 , ■ ■ ■ , |^Ar| 2 )- The image of this moment 
map is given by ip(C N ) = {£ G ~§i N * \ £j > for all i}. 

Consider a subgroup G C (S 1 ) 1 ^ . This inclusion gives rise to a short 
exact sequence of Lie algebras 

— > fl ^ l w ^ t — >0 
and its dual sequence 

O^f^l^^g*^ 0. 

For any f| G g*, the function <fi := i* o ip — 77 is a moment map for 
the induced action of G on C N . Assume that is proper, and that 
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is a regular value of <p. Let M be the reduction of C by G at 
0. The torus T := (S 1 ) N /G acts symplectically on M. The image 
of moment map for the T action can be identified with the polytope 
A := {£ G R N * | £i > for all j and —77 = 0}. 

There is a (possibly empty) facet of A for each iG (1, . . . , N), given 
by £ G M^* such that > for all j , - rj = and & = 0. For 
7 C (1, . . . , N), we say that the I facets intersect if the intersection of 
these sets is not empty. 

Since dim T = \ dim M, M is a compact smooth toric variety 

Theorem 6. Let the ideals I and J C Q[si,... ,xn] be defined as 
follows: J = {^2<y.iXi \ a G 7T*(t*)}, and X is the ideal generated 
by Wi^Xi for all I C (1, . . . ,N) such that the I facets do not inter- 
sect in the polytope A. The cohomology ring H*(M;Q) is given by 
Q{x u ... ,x N ]/{l,J). 

Proof. The G-equivariant cohomology of C N can be expressed as 
H* G (C N ;Q) = Q[x u ... ,x N ]/J. 

From the construction of <f), it is clear that since <ft is proper, there 
exists ( such that (j)**- is proper and bounded below. Therefore, we may 
apply Theorem |3|. 

Consider a generic £ G Q. The only critical point of is 0, and the 
only critical value is — 

If (77, £) > 0, then G Mg. Since every cohomology class which 
vanishes when restricted to is trivial, — 0. 

Now consider the case (77, £) < 0. The subbundle of the tangent 
space at consisting of points with all the coordinates zero except the 
z'th is in the negative normal bundle for (p^ exactly if (/3j, £) < 0, where 
j3i = 7r*(ej), and the e^'s are the standard basis of M. N . Therefore, K% 
is generated by Yliei x «> where / := {i G (1, . . . , N) \ (Pi, £) < 0}. (We 
know that its restriction to must be of this form, and every class is 
determined by its restriction to 0.) 

Putting this together, it is clear that K is generated by the products 
riieJ" x *> over au se ^ s I sucn ^ na ^ there exists £ with (77, £) < and 
(^,0>0foraU^/. 

Given I C (1, . . . , iV) it is clear that 77 is not in Yljai exactly if 
there exists £ such that (77, £) < and £) > for all j G" I. Thus, K 
is generated by rLe/ 3 -* f° r an se ^ s ^ sucn that V * s n °t i n Sj0j^ + /?r 
Finally, 77 is in exactly if the facets corresponding to the 

elements of I intersect in A. □ 
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